A subgroup H of a group G is said to be pronormal in G if H and H g are conjugate in H, H g for each g ∈ G. In this paper we study the pronormality of subgroups of odd index in some direct products of finite groups.
Introduction
Throughout the paper we consider only finite groups, and henceforth the term group means finite group. A subgroup H of a group G is said to be pronormal in G if H and H g are conjugate in H, H g for each g ∈ G. Some of well-known examples of pronormal subgroups are the following: normal subgroups; maximal subgroups; Sylow subgroups; Sylow subgroups of proper normal subgroups; Hall subgroups of solvable groups.
In 2012, E. Vdovin and the second author [15] proved that the Hall subgroups are pronormal in all simple groups and, guided by the analysis in their proof, they conjectured that any subgroup of odd index of a simple group is pronormal in this group. This conjecture was disproved in [9, 10] . In [8, 9, 10, 11] , finite simple groups in which all the subgroups of odd index are pronormal were studied. More detailed surveys of investigations on pronormality of subgroups of odd index in finite (not necessary simple) groups can be found in survey papers [4, 12] . These surveys contain new results and some conjectures and open problems. One such open problem involves the classification of direct products of nonabelian simple groups in which the subgroups of odd index are pronormal. A detailed motivation for this problem was provided in [3] . Note that there are examples of nonabelian simple groups G such that all the subgroups of odd index are pronormal in G, but the group G × G contains a non-pronormal subgroups of odd index (see [3, Proposition 1] ).
In this paper we prove the following theorem.
G i , where for each i ∈ {1, ..., t}, G i ∼ = Sp ni (q i ) for odd q i .
Then the following statements are equivalent:
(1) all the subgroups of odd index are pronormal in G;
(2) for each i ∈ {1, ..., t}, all the subgroups of odd index are pronormal in G i ;
(3) for each i ∈ {1, ..., t}, if q i ≡ ±3 (mod 8), then n i is either a power of 2 or is a number of the form 2 w (2 2k + 1) for non-negative integers w and k.
Moreover, guided by the analysis in the proof of Theorem 1 (see Remark after proof of Theorem 1), we conclude that deciding of pronormality of a given subgroup of odd index in the direct product
of symplectic groups over fields of odd characteristics is reducible to the study of pronormality of some subgroup H of odd index in some group
such that H ≤ K ≤ L and H projects onto each Sym mi .
Thus, we obtain the following criteria.
.., t}, and all the wreath products are natural permutation. Let for each i ∈ {1, ..., t}, π i : G → G i be the projection, and let i : G i → Sym ni and
Sym ni be the correspondent natural epimorphisms. Assume that H is a subgroup of odd index of G and π i (H) i is a transitive and primitive subgroup of
Sym ni and for each K ≤ G such that
Moreover, Proposition 2 in Section 4 provides a criteria of pronormality of a subgroup H in Z p ≀ Sym n , where p is an odd prime, in the case when H projects onto Sym n .
Thus, the question of pronormality of a subgroup of odd index in direct product of simple symplectic groups over fields of odd characteristics could be formally solved with using inductive reasonings. The following problem naturally arises.
Problem. Provide an effective algorithm which decides the pronormality question for a subgroup of odd index in a direct product of simple symplectic groups over fields of odd characteristics (in particular, in a simple symplectic group over a field of odd characteristic).
Preliminaries and auxiliary results
The largest integer power of a prime p dividing a positive integer k is called the p-part of k and is denoted by k p .
Let m and n be non-negative integers with the binary expansions
We write m n if a i ≤ b i for each i and m ≺ n if additionally m = n. It is clear that m n if and only if n − m n.
Let G be a group and p be a prime. We write H ≤ p G if H ≤ G and |G : H| is not divisible by p.
Let X p be the class of groups with self-normalizing Sylow p-subgroups. Let Y p be the class of groups in which the overgroups of Sylow p-subgroups are pronormal. It is easy to see that we have X p ⊂ Y p . Note that Y 2 is exactly the class of all groups in which the subgroups of odd index are pronormal.
In the further series of lemmas we provide some properties of subgroups of odd index in finite groups of special type. 
Lemma 2 (See [7] ). Let G = P Sp n (q), where q is odd, and S ∈ Syl 2 (G).
(1) If q ≡ ±1 (mod 8), then N G (S) = S.
(2) If q ≡ ±3 (mod 8) and n = 2 s1 + · · · + 2 st for s 1 > · · · > s t ≥ 0, then N G (S)/S is elementary abelian of order 3 t .
Lemma 3 (See [13] and [14] ). Let G = Sp 2n (q), where n ≥ 1 and q is odd; let V be the natural module of G. A subgroup H is a maximal subgroup of odd index in G if and only if one of the following statements holds:
(1) H ∼ = Sp 2n (q 0 ), where q = q r 0 and r is an odd prime, is the centralizer in G of a field automorphism of order r;
(2) H ∼ = Sp 2m (q) × Sp 2(n−m) (q) is the stabilizer of a non-degenerate subspace of dimension 2m of V , and n ≻ m;
(3) H ∼ = Sp 2m (q) ≀ Sym t is the stabilizer of an orthogonal decomposition V = V i into a sum of pairwise isometric non-degenerate subspaces V i of dimension 2m, m = 2 w , w is a non-negative integer, and n = mt;
(4) n = 1 and H ∼ = SL 2 (q 0 ).2 is the centralizer in G of a field automorphism of order 2;
(5) n = 1, H/Z(G) ∼ = Alt 4 , q is prime, and q = 5 or q ≡ ±3, ±13 (mod 40); (6) n = 1, H/Z(G) ∼ = Sym 4 , q is prime, and q ≡ ±7 (mod 16); (7) n = 1, H/Z(G) ∼ = Alt 5 , q is prime, and q ≡ 11, 19, 21, 29 (mod 40); (8) n = 1, H/Z(G) ∼ = D q+1 , and 7 < q ≡ 3 (mod 4); (9) n = 2, H/Z(G) ∼ = 2 4 .Alt 5 , q is prime, and q ≡ ±3 (mod 8).
Then the following statements hold:
(1) T i ∼ = P for each i;
Proof. Assertions (1)-(3) are obvious. Assertion (4) easily follows from (3) and the Frattini argument. Assertion (5) follows from (4) and Lemma 2.
In the following series of lemmas we provide some general properties of pronormal subgroups in finite groups. ( 
Then H prn HV implies H prn HV .
In the following series of lemmas we provide some results on pronormality of subgroups of odd index in finite groups. 
where all the wreath products are natural permutation. Then the subgroups of odd index are pronormal in G if and only if for any positive integer m, the inequality m ≺ n i for some i implies that (|A|, m) is a power of 2.
Lemma 13 (See [11] ). Let G = P Sp 2n (q). Then G ∈ Y 2 if and only if one of the following statements holds:
(1) q ≡ ±3 (mod 8);
(2) n is of the form 2 w or 2 w (2 2k + 1), where k and w are non-negative integers.
Then all the subgroups of odd index are pronormal in G.
and N Y (T ) and the following conditions are equivalent:
To prove Statement (i) we need to go throw the proof of [3, Lemma 15] and generalize the reasonings. Define
Note that H ≤ X, therefore,
By the Frattini Argument, Note that by Lemma 5,
. We proved that the following conditions are equivalent:
The condition G/A ∈ X p and Lemma 10 imply that H is pronormal in G if and only if H is pronormal in HA.
Proof of Theorem 1
(3) ⇒ (1) Let us tell that a group G satisfy condition ( * ) if the following statements hold:
, then n i is either a power of 2 or is a number of the form 2 w (2 2k + 1), where w and k are non-negative integers. Assume that G is a group of the smallest order satisfying condition ( * ), such that G contains a non-pronormal subgroup H ≤ 2 G, and let S ∈ Syl 2 (G) such that S ≤ H.
Let
a contradiction to the minimality of G.
So, for each i, there exists a maximal subgroup M i < G i such that π i (H) ≤ M i . Thus,
Possibilities for M i are listed in Lemma 3. Assume that for some i, M i ∼ = Sp 2ni (q i0 ), where q i = q ri i0 and r i is an odd prime. Note that q i ≡ ±3 (mod 8) if and only if q i0 ≡ ±3 (mod 8). It is easy to see that in this case M (i) satisfies condition ( * ), and H is pronormal in M (i) by the minimality of G. Moreover, N G (S) = N M(i) (S) by Lemma 2. Thus, H prn G by Lemma 7, a contradiction.
Assume that for some i, M i is the stabilizer of a non-degenerate subspace of dimension 2m i of the natural module of G i , and n i ≻ m i . Note that
In this case M (i) satisfies condition ( * ). By the minimality of G, H prn M . Moreover, since n i m i , we have N G (S) = N M(i) (S) by Lemma 2. Thus, H prn G by Lemma 7, a contradiction.
So, for each i such that n i is not a power of 2, M i is the stabilizer of an orthogonal decomposition of the correspondent natural module V i of G i into a sum of pairwise isometric non-degenerate subspaces of dimension 2s i , and s i = 2 wi for a non-negative integer w i . Note that by [6, Proposition 4.9.2], in this case we have
If n i is a power of 2, then let us put s i = n i and m i = 1. Thus,
Sym mi , and K = A ⋊ B.
Note that A ∈ Y 2 by Lemma 14. Moreover, K/A ∼ = B ∈ X 2 (see, for example, [1, Lemma 4] ).
Let T = S ∩ A ∈ Syl 2 (A). Then by Lemmas 2 and 4,
Now if |Z i | = 3 for some i, then 3 does not divide s i since G satisfies condition ( * ). By Lemma 12,
Moreover, N G (S) = N K (S) by Lemma 2. Thus, H prn G by Lemma 7, a contradiction.
(1) ⇒ (2) It is easy to see that if for some i, G i contains a non-pronormal subgroups H i of odd index, then G contains a non-pronormal subgroup H i × j =i G j of odd index. Thus, each G i ∈ Y 2 .
(2) ⇒ (3) follows from Lemma 13.
Remark. Note that the question of pronormality of a given subgroup H of
Sp 2ni (q i ), where each q i is odd, is equivalent to pronormality of some subgroup M of odd index in the group
Sym mi .
Let S be a Sylow 2-subgroup of K contained in M and T = A ∩ S. Applying Proposition 1, we obtain that M is pronormal in K if and only if 
Assume that for each i ∈ {1, . . . t 1 }, π i : R → R i be the projection and 
Proof of Theorem 2
each p i is an odd prime, and all the wreath products are natural permutation,
Let π i : G → G i be the projection for each i ∈ {1, ..., t}.
It is easy to see that G i = V i ⋊ B i for each i. Let i : G i → B i be the correspondent natural epimorphism for each i ∈ {1, ..., t}.
Let π i : B → B i be the correspondent projection for each i ∈ {1, ..., t}.
It is easy to see that for each i ∈ {1, ..., t}, the correspondent diagram
Assume that H ≤ 2 G and π i (H) i is a transitive and primitive subgroup of Sym ni 
Thus,
Moreover, H ∩ G i i contains a Sylow 2-subgroup of Sym ni , therefore, H ∩ G i i = Sym ni for each i ∈ {1, . . . , t}. We have
Sym ni .
Thus, H = t i=1 Sym ni = B. First, we prove Theorem 4 in the case t = 1, i. e. G = Z p ≀ Sym n = V ⋊ B, where p is an odd prime, the wreath product is natural permutation, V = (Z p ) n and B = Sym n .
Define
Lemma 15. In the introduced notation, let G = Z p ≀ Sym n . Assume that H ≤ 2 G and H is a transitive and primitive permutation group of degree n. Then the following statements hold: 
It is easy to see that
]. Let i, j ∈ {1, . . . , t} with i < j and g = Z p . Define the element w i,j (g) as follows: w i,j (g) = (x 1 , x 2 , . . . , x n ), where x i = g, x j = −g, and x k = 0 for k ∈ {i, j}.
Recall that
(4), (5) It is easy to see that V − B is a proper normal subgroup of odd index in G. Let K be a normal subgroup of odd index in G (of V − H, respectively). Then by the Sylow theorems, K contains each Sylow 2-subgroup of G (of V − H, respectively), therefore, K contains each Sylow 2-subgroup of B. In particular, K contains all the transpositions from B, therefore, K contains B (which is generated by these transpositions). Therefore, K contains [V − , B] = V − , and so, K ≥ V − B. Proposition 2. In the introduced notation, let G = Z p ≀ Sym n , where p is an odd prime, and H = B = Sym n . Then the following statements hold:
(1) if p does not divide n, then H is pronormal in G;
If p does not divide n, then by Lemma 11, 
Now we prove Theorem 2 in the case t > 1. Let K be a subgroup of G such that H ≤ K ≤ G. It is easy to see that if for some i, π i (H) in not pronormal in π i (K), then H is not pronormal in K.
Suppose π i (H) is pronormal in π i (K) for each i ∈ {1, . . . , t} and show that H is pronormal in K. For each i ∈ {1, . . . , t}, define correspondent subgroups V + i and V − i as above. Assume that p i divides n i for some i. By Proposition 2, if π i (K) = G i , then V − i ≤ π i (H). By Statement (6) of Lemma 15, we have π i (H) ∈ {V − i B i , G i }. Note that H ∩ G i is a normal subgroup in H. Consiquently,
Therefore, we can assume that for each i, if p i divides n i , then π i (K) ≤ V − i H i . Application of Lemma 7 and the following assertion completes the proof of Theorem 2.
Proposition 3. In the introduced notation, let 
So, u + , u − ∈ U and u = u + + u − . Now u − i ∈ V − i and if u − i = 0, then
In the case u − i = 0, we puth i = 1 andũ − = 0. Let
We 
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